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ORTHOGONAL POLYNOMIALS AND HYPERGROUPS II—
THE SYMMETRIC CASE

R. LASSER

ABSTRACT. The close relationship between orthogonal polynomial sequences
and polynomial hypergroups is further studied in the case of even weight func-
tion, cf. [18]. Sufficient criteria for the recurrence relation of orthogonal poly-
nomials are given such that a polynomial hypergroup structure is determined
on Njy. If the recurrence coefficients are convergent the dual spaces are de-
termined explicitly. The polynomial hypergroup structure is revealed and in-
vestigated for associated ultraspherical polynomials, Pollaczek polynomials, as-
sociated Pollaczek polynomials, orthogonal polynomials with constant monic
recursion formula and random walk polynomials.

1. POLYNOMIAL HYPERGROUPS

In [18] we demonstrated a close relationship between certain hypergroups
on Ny and certain orthogonal polynomial sequences. In this paper we discuss
other basic properties concerning these hypergroups—we call them polynomial
hypergroups—and give many examples based on certain classes of orthogonal
polynomial sequences. Our main reference is [18]. Notation and results from
[18] are used throughout.

The best known class corresponding to a polynomial hypergroup are the Ja-
cobi polynomials (P,ﬁ"’ﬂ)(x));,";o fora>pf>-1, a+B+12>0 (see[18,
3(a)]). The basic property (P) holds as is shown by Gasper [11]. In [12] Gasper
also proved that (P,E"’ﬂ )(x));,“_’,_o defines a dual hypergroup structure on the in-
terval [-1, 1]. Recently, Connett and Schwartz [9] proved that the Jacobi
polynomials with a > # > —1 and either f > —1/2 or a+ f > 0 are the
only ones which define a dual hypergroup structure on [—1, 1]. However, con-
trary to [—1, 1] on the discrete space Ny, there exists a variety of hypergroups
different in structure from Jacobi polynomials. Hypergroups were introduced
independently by Dunkl [10], Jewett [16] and Spector [27] in the early seventies.
Here we will use [16] as reference.

There are many applications where the hypergroup structure of Ny can be
exploited (see e.g. [20-23, 32-34]). We reveal further polynomial hypergroups
and determine their recurrence relations, their Haar weights and specific prop-
erties of the corresponding polynomials. In the following we consider the case
of even orthogonalization measures only. Also, we choose x = 1 as the point
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which determines the unit character, i.e., we have to determine the normaliza-
tion of the orthogonal polynomials such that they have the value 1 at x =1.

Given an orthogonal polynomial sequence (P,(x))52, with a known recur-
rence relation

(1.1) XPy(X) = epPyy(X) + dnPy_i(x), n=1,2,...,
and
(1.2) R(x)=1,  P(x)=x/e,

we have to take two steps in order to reveal the corresponding hypergroup struc-
ture, if there is any. _

First, after renormalizing P,(x) = k,P,(x) with P,(1) = 1 in the related
recurrence

(1.3) XPy(x) = (1 = cp)Pps1(X) + cn Py (x), n=1,2,...,
and
(1.4) P(x)=1, P(x)=x

we have to show that condition 0 < ¢, < 1 is satisfied forall n=1,2,....
Polynomials generated by (1.3), (1.4) are sometimes called random walk poly-
nomials, see [17].

Second, we have to check whether property (P) is fulfilled. For this problem
there is, in addition to a known criterion by Askey (see Corollary 1.4 below), a
recent result of Szwarc.

A normalization, often used, is setting the leading coefficient to 1. These
polynomials ¢,(x) are called monic and satisfy (if the orthogonalization mea-
sure is even)

(L.5) XPn(x) = Gns1(X) + Ynbn-1(x), n=1,2,...,
and, of course,
(1.6) $o(x) =1, ¢1(x) = x.

The first step in our program may be characterized by means of chain sequences.
For completeness’ sake, we include the definition of a chain sequence and refer
to [6, p. 91 ff.] for basic facts.

Definition. A sequence (y,)72, is a chain sequence, if there is a sequence
(dn)2o such that 0 < dp < 1, 0 < d, <1, and y, = dn(1 —dp_y) for
n=1,2,.... (dn), is called parameter sequence for (7,)32,. A parameter
sequence ()52, is called minimal, if ¢ =0.

The following observation is well known:

Proposition (1.1). The orthogonal polynomial sequence (ﬁ,,(x));,";o with the re-
currence relation (1.1), (1.2) can be normalized to P,(x) = k,P,(x) such that
(1.3), (1.4) hold with 0 <c, <1 for n=1,2,..., ifand only if (yn)2, isa

chain sequence, where

(1.7) Yn = dnen_1, n=1,2,....
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The sequence (c,)32, (With ¢o = 0) is the minimal parameter sequence for
(vn)%2, . Moreover, k, is given by

n—1
_ k _
(1.8) k,,_k]:[ol_ck fork=2,3,....

In [7] Chihara characterizes minimal parameter sequences for a given chain
sequence in a very simple and interesting manner. A way to determine the ¢,
in the recurrence relation (1.3), (1.4) as functions of the e, , d, resp. y, isto
compute P,(1) resp. ¢,(1). In fact, since

1 = 1
Py(x) = mpn(x) = J)n_(D¢"(x)’
we obtain
_ ﬁn—-l(l) — ¢n 1( ) —
(1.9) Cp = ﬁ,,(l) d, = D) yp forn=0,1,2,...

(provided 13,,(1) resp. ¢,(1) is not zero, and that we set P, (x)=¢-1(x)=0).
Further, by (1.1) resp. (1.5) we have

Pui(D), _ dnni(D)
1.10 —op =l e, = Tt
(1.10) TP T éa(1)
The following result is rather useful and has a straightforward proof.

Proposition (1.2). Let (1’~’,,(x))§,’°=0 be defined recursively by (1.1), (1.2) and
assume that e, =1—-d,, d, # 1 foreach n=0,1,2,.... Then

d
(1.11) )—1+Z 1—d0) {(—ldk 1)

holds for n=1,2,....

If the recurrence coefficients in (1.1), (1.2) can be written as

A Hn+1
1.12 dy=—2= and e, =-—2— n=0,1,2,...,
( ) " At Bngt T A+ Hnt1
where (1,)32, and (u4,)$2, are two sequences of positive numbers, up to Ao,

for which we only assume that Ag # —u; , then Proposition (1.2) may be used
as follows

~ Ao A
(1.13) P,,(1)=1+E%———k_—', n=1,2,....
-

A result of Szwarc [29] will be useful now to establish our second step, namely
Theorem 1.3 below.

Theorem (1.3). Assume an orthogonal polynomial sequence (P,,(x)) ° o Is defined
by (1.1), (1.2) such that

(@) (dnen—1)2, is a chain sequence,
(b) (dn)2, and (en)2, are sequences of positive numbers with d, < e,,

dy, <dp, and dy+e, < dpi1ten forn=1,2,... and ey < d,+e;.
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Then the minimal parameter sequence ()2 of (dnen—1)2, determines a poly-
nomial hypergroup structure on Ny .

Proof. By assumption (a) we have a sequence of numbers ¢, €]0, I[, n =
1,2,... such that (1.3), (1.4) holds, compare Proposition (1.1). By (1.9) we
conclude from the positivity of ¢, and d, by induction that each 13,,(1) is
positive. By [29, Theorem 1]

- - m+n -
Pu(x)Py(x)= Y &(m,n, k)Pc(x)
k=|m—n|
with g(m,n, k) >0 for m,n=1,2,.... Since P,(x) = Pu(x)/Pu(1) we
have
m+n
Pu(x)Ps(x)= ) g(m,n, k)P(x)
k=|m—n|
with

Pl

Pu(1)Py(1) —

Corollary (1.4) (Askey). Assume a monic orthogonal polynomial sequence
(dn(x))2, is defined by (1.5), (1.6) such that

(@) (ya)2, is a chain sequence,
(b) (7n)32, is a nondecreasing sequence.

Then the minimal parameter sequence (cp)7, of (¥n)32, determines a polyno-
mial hypergroup structure on Ny .

Proof. Use Theorem 1.3 with d, =y, and e, =1. O

g(ms n, k)=g(ma n>k

Corollary (1.5). Let an orthogonal polynomial sequence (1~’,, (x))2, be given by
(1.1), (1.2), where

A Hnt1
dy=—"2 and e,=-—2—~ | n=0,1,2,...
" An + Unyt " AnF
With Ay, un >0 for n=1,2, ..., and A9 > 0. Assume
(a) (dnen—1)32, is a chain sequence,
() An < ppyr for n = 1,2,..., and (fns1/An)32, is a nonincreasing
sequence.

Then, the minimal parameter sequence (c,)%, of (dnen—1)3>, determines a
polynomial hypergroup structure on Ny .

Proof. 1t is easy to verify that the conditions of (b) in Theorem (1.3) are equiv-
alent to the conditions (b) above. 0O

If ;
dy= 2" g = Hml
" An + Hn+1 g '1}1 +.un+l

as above, obviously (dne,—1)$2, is a chain sequence provided 0 < dp < 1,
which is equivalent to A > 0. In order to cover the case 49 < 0 we prove the
following result:
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Proposition (1.6). Assume vy, is given as

Anlin
= , n=1,2,...,
In (An=1 + tn)(An + Hns1)
where An, un >0 for n=1,2,..., and 20<0, Ag# —u;. If

0<An—=An-1 SUn—pny forn=1,2,...

holds (with o =0), then (yp)2, is a chain sequence.

Proof. We construct the minimal parameter sequence (c,)32, recursively by
showing

Hin
1.14 O<ecp<+—"——x1 forn=1,2,...,
( ) n_)-n+ﬂn+l

where ¢, is defined by the recurrence cp41 = Pn41/(1—cn). With ¢y =0 and
¢; = y; we see that

A
O0<c = LA <P <

(Ao + m)(Ar + 12) =~ Ar+ p2
Assume cy, ..., ¢, are constructed and satisfy (1.14). Then

0< An + Uny1 — Un

<l-¢, < 1.
/1n + Un+1 - "
Hence,
oot = Yn+1 _ Ansilny1
" 1—cn (An+ Unst)(Ang1 + tns2)(1 = cp)

< Uni1Ans1 Hn+1
T (Ans1 + Hns2)(An + Bngt — Bn) = Ans1 + lng2
The Haar measure plays a particular part in the theory of hypergroups (see [16]).

There are various possibilities to calculate the Haar weights 4(n) of polynomial
hypergroups, cf. [18], defined as

(1.15)  h(0)=1, h(n)zh(n_l)l—cin—l _ (I—Cozl':gn—cn—l),

where (c,)32, is the minimal parameter sequence for (y,)32,. With the nota-
tion from above by (1.9) and (1.10) we have

_eoren1(Pa(1)?_ (6n(1))?
(1.16) hm) = =— =g —— =55

If d, and e, are given as in (1.12), it follows that

My fn(An + ,un+l)(ﬁn(1))2
1.17 h(n) = .
(1.17) () T Ao + 1)

Finally, we consider the orthonormal version (p,(x))32,. Assuming that the
orthonormalization measure 7 is a probability measure, we have the recurrence
relation

(1‘18) xPn(-x)=An+lpn+l(x)+Anpn—l(x), n= 1’2:""
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and

(1.19) pox)=1,  pi(x)= 217"

with A4, = /7, . It is readily deduced that p,(x) = \/h(n)P,(x), where P,(x)
is normalized as P,(1) = 1. Many asymptotic results originating in various
problems of application, i.e., approximation, prediction, refer to orthonormal
polynomial sequences. In particular, leading coefficients play an important part,
see [25]. The leading coefficient g, of P,(x),i.e., Py,(x) = g,x"+--- , is given
by

n—ll n—ll ~ 1
(1.20) a"_gl—ck—<nél)/l)”(l)_m’ n=1,2,...,

k=0
whereas the leading coefficient p, of p,(x),ie. p,(x)=ppx"+---,1is
) "y 1/2 n . 1/2
oo A\ o drei-

(1.21)

-1

1/2
- —1— = 1/2
- (kI;[l (1—c )ck) (h(n))“op.

2. DUAL SPACES AND OTHER PROPERTIES

The dual space of polynomial hypergroups can be identified with a compact
subset of R. Explicitely, the space Ny of all hermitian characters of the hyper-
group Ny is homeomorphic to

D; = {x € R: |P,(x)| <1 for all n € Np}
and the space of all (not necessarily hermitian) characters to
D ={zeC:|P,(z)| <1 forall ne Ny}

(see [18, Proposition 4]). We are in a position to describe the character spaces
easily when (c,)32, is convergent, and, where the orthogonalization measure is
even, as is assumed throughout. Parts of the following theorem are known (see
[30 and 35]). To begin with we show

Lemma (2.1). Let (p,)2, be an orthonormal polynomial sequence with respect
to n. If x € suppn and |pp(x)| > c > 0 forall n € Ny, then x is not an
isolated point of supp .

Proof. Assume x is an isolated point of suppz. Then, there exists a continu-
ous function f with compact support, such that f(x) =1 and f|suppz\{x} =
0. Hence, (f, pn) = [ f(X)Pn(x) dn(x) = n({x})pa(x). Since f € L(m), we
have (f, p,) = 0 as n — oo, a contradiction. O

Theorem (2.2). Assume that (P,),, given by (1.3), (1.4), determines a poly-
nomial hypergroup on Nq. Further, assume ¢, — ¢ as n — oo, and let ©
denote the corresponding orthogonalization measure.

(i) The only possible values of ¢ are 0 < ¢ < % .
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(i) If0<c <4, then

supp7 = [-2v/c(1-¢), 2v/c(1-¢)],  Ds=[-1,1],

and

D={zeC:|z-2y/c(1-c)|+|z+2+/c(l —¢)| <2}

Proof. (1) Note that ¢ > § is not possible. In fact, ¢ > ; would imply that
the ¢, are finally greater than }, which contradicts h(n) = g(n, n, 0)~! > 1.

(2) Consider the case 0 < ¢ < % . In the notation of P. Nevai [25] we have
n € MO,b), where b = 24/c(1 —¢). A theorem of Blumenthal (see [25,
Theorem 7, p. 23]) gives suppn = [-b, bJU S, S a countable subset of R
whose derived set is contained in {-b, b} . We show that S C [-b, b]. If S
is not a subset of this interval, agp = max(suppn) > 0 is an isolated point of
suppn. Remember the symmetry of suppz. Then, by the separating prop-
erty of zeros in P,(x) (see [6]), we have P,(ap) > 0 for all n € N. We set
On(x) = Py(apx)/Pa(ap) and easily demonstrate that (Qn(x))52, determines
a polynomial hypergroup. The support of the corresponding orthogonalization
measure contains 1 as an isolated point. The corresponding orthonormal poly-
nomials g,(x) satisfy g,(1) = \/hg(n) > 1, where hy(n) denotes the Haar
weights of (Qn(x))52,. But this is contradicting Lemma (2.1):

(3) Now we prove D = {z € C: |z — b| + |z + b| < 2}, which implies
Dy = [-1,1], too. Bear in mind £ = {z € C: |[z—-b|+|z+ b] < 2} is
an ellipse with the focus points —b and b and with the boundary {(cost,
(1 =2c)sint): t € [0, 2n[}. The image of {u € C: 0 < |u| < 1/(1 —c)} under
the Joukovsky function ¢(u) = 1/u+c(l—c)u is C\E, whereas E is the image
of {ueC:1/(1-c)<|ul <2/b}. Thecircle {u € C: |u| = 2/b} is mapped
onto the interval [—-b, b], the circle {u € C: |u| = 1/(1—c)} onto the boundary
of E. Further, by Poincaré’s theorem (see [25, Theorem 13, p. 33]) we have
for z € C\[-b, b],

z 2\ e PR(2) Vh(n)Pa(z2)
b+ (b) l_nll-»ngopn_l(z)_nll»nc}o mpn_l(z)'

Hence,

lim Fu(z) __ 1 (z+ Vz2-b2).

n—oo ,,_1(2) - 2(1 —C)

(We take the branch of the square root above such that |z + vz2 - b2| > 1,
whenever z € C\[-b, b].)

Forany z € C\[-b, b] thereisan u € C with |u| < 2/b such that ¢(u) = z.
An easy calculation gives

St (¢(u> /B - bZ) ALY

For z € C\E we have ¢(u) = z with 0 < |u| < 1/(1 —c). Therefore,
|Pn(z)] _ 1

lim

1,

s Pay(2)]  Jl(1=0)
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and z cannot be an element of D, whenever z € C\E. We remark that
statement (ii) is now proved completely for the case ¢ = % . In fact, for ¢ = %
the results above and [18, Proposition 4] yield

[-1,1]=suppn C D; C[-1, 1],
implying also D = D; since D C R. We continue our proof for 0 < ¢ < 1.
Given z € 105\[—b, b] we finda u sothat 1/(1—c)<|u|<2/b and ¢(u) =z
(loi' being the ellipse without its boundary). Hence,

i P

= <l1,
oo [Py (2)] ful(1-¢)

and z is an element of D, whenever z € E\[-b, b]. Finally, as D is a closed
set (see [18, Proposition 4]) we obtain D = E .
(4) Remains to prove that ¢ = 0 is not possible. Applying the arguments
used in (2) we get suppn = {0}, which is a contradiction to |suppn|=00. O
An important asymptotic property we called condition (H) is used in [23 and
24]. An orthogonal polynomial sequence (ﬁ,,);,";o satisfies (H), if

. h(n)
Hm —)
D) B ST h(K)

Two recent results give sufficient criteria for (H).

=0.

Proposition (2.3). Assume (yn)32, is a chain sequence with minimal parameter
sequence (cn), . Then (H) is satisfied, if one of the following conditions is valid:
(i) yn— %, when n - oo,
(i1) T_—‘;::—» 1, when n — .
Furthermore, (H) does not hold if ¢, » ¢, 0<c< }.
Proof. Note first that A(n) > 0 holds. Now (ii) is proved in [24, Proposition 1]
and (i) is contained in [37, Theorem (2.1)]. In [37] substantially deeper results
are shown than those used here. If ¢, — ¢ with 0 <c¢ < % we have

. h(n+1) 1-c
nll»nc}o h(n) ¢
Lemma (3.3) of [37] yields

> 1.

o M) _1-2c
n—oo Ez=0h(k) - 1-¢ ’

Remark. If (y,)32, is a chain sequence, condition (i) of Proposition (2.3) is
equivalent to ¢, — % This is a special case of the more general result in
Chihara [6, Chapter 3, Theorem 6.4].

A property of orthogonal polynomials (P,)72, often used by Voit [31-34]
is condition (T): Let (7,)32, be the Tchebichef polynomials of the first kind
which are defined by T,(x) = cos(narccosx), x € [-1, 1]. The connection

coefficients a, x, n € No, k=0, ..., n, are uniquely determined by

a

Po(x) = ay 1 Ti(x).
k=0
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(Pn)2, satisfies (T), if all a, , are nonnegative. (Note that Voit uses a slightly
different definition of property (T).) Since the recurrence coefficients g, of the
monic version of the T,(x) are By =4, Ba=14, n=2,3,..., Theorem 1
of Askey’s paper [1], gives

Proposition (2.4). Let (P,)2, be an orthogonal polynomial sequence with Py(1)

=1 for n =0,1,2,.... Assume that the recurrence coefficients y,, n =
1,2,..., of the monic version satisfy
n<i, o owm<i, o n=2,3,...

Then, (P,), satisfies property (T).

We note that by Wall’s comparison theorem [6] any sequence (y,)52, bounded
as in Proposition (2.4) is a chain sequence. A result by Nevai can be used to
connect property (P) to property (T).

Proposition (2.5). Let (P,(x))%, be an orthogonal sequence with suppn =
[-1,1) and P,(1) =1 for n =0,1,2,.... Define the linearization coeffi-

cients by
m+n

Pu(X)Pa(x)= D g(m,n, k)P(x)
k=|m—n|

and the connection coefficients by

x) =Y ay k Ti(x).
k=0

Assume further ¢, — 1 as n — co. Then,

(2.1) ap,0= 11m g(m, m, n) h((’;l))

and

2(h(m)h(m + k))\/2
h(n)

Proof. Tt is shown in Nevai [25, Theorem 13, p. 45] that for any continuous

function f on [-1, 1]

lim f() ()P () d(x / FOOTo(x)(1 - X2~ dx

m—oo

fork=1,...,n

(2.2) ani = lim g(m,m+k,n)

holds, prov1ded the orthogonalization measure 7 is an element of M (0, 1) (in
the terminology of the quoted work). In our note # € M(0, 1) means exactly
Yn — § as n — o0o. Setting f(x) = Pc(x) the assertions (2.1), (2.2) follow. O

Theorem (2.6). Assume that (P,)2, determines a polynomial hypergroup on
No, and assume that the defining recurrence coefficients c, converge to ¢, 0 <
¢ < %. Then, (P,), satisfies condition (T).
Proof. The result follows immediately by Proposition (2.5), provided ¢ =
For 0 < ¢ < set b =2y/c(1-c) and define Qn(x) = Tn(x/b)/kn, kn =
T,(1/b) > 1. The orthogonal polynomial satisfy

bk,, bk,,
*‘ i Onet (¥) + '

N|—

xXQn(x) =

in()
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and Qy(x) =1, Qi(x) = x. The recurrence coefficients y, of the correspond-
ing monic version are given by

b? b?
yl_?, Vn—*z, n—2,3,....

Thus, by Proposition (2.4) we have
n
(1) On(x) =Y by kT (x)
k=0
with b, , > 0. The result of Nevai [25, Theorem 13, p. 45] yields also

: b
n!l-l-‘go/_l P (X)Pm(X)Pm+n(X) dr(x) = %/—b Pk(X)Qn(X)(b2 _x2)-1/2 dx.

Since (b — x2)~1/2dx restricted to [—b, b] is the orthogonalization measure
of the Q,(x), it follows

(2) Po(x) =) ay 1 Qk(x)

k=0
with nonnegative a, ’s. (1) and (2) obviously imply (T). O

Remark. The hint to use Nevai’s result for Proposition (2.5) came from M.
Rosler. The results of Propositions (2.3), (2.4), (2.5) and Theorem (2.6) are
also valid for nonsymmetric orthogonalization measures 7. The simple modi-
fications to be made follow immediately from the results in [1 and 25]. In the
shorter sections below we investigate some classes of orthogonal polynomials
whose hypergroup structure does not seem to be revealed yet. But before, we
glimpse at the ultraspherical polynomials to see how the results above fit in this
well-known class. The usual recurrence formula of ultraspherical polynomials
is

(n+ D) Pyi(x; @) =2x(n+a+ HPy(x; @) — 2a + )Py (x; ),

2.3
23) n=1,2,...,
and
(2.4) Po(x;a)=1;  Pi(x;a)=_2a+1)x,
see [28, (4.7.17)] (we have a change in the parametrizationto 4 = a+ %) . Since
(2.5) P13 ) = Bt
see [28, (4.7.3)] and since
n+2a
"SIy zarl T lTd
we have by (1.9)
n
(2.6) “=miZatl

In particular, we see that y, = d,e,—; = cp(l — c,—1) is a chain sequence.
Theorem (1.3) applied to the recurrence relation defined by the ¢, and 1 —
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¢, implies a polynomial hypergroup Ny. Since ¢, — «2— we have suppn =
[-1,1] = Dy = D. That (H) and (T) hold follows by Proposition (2.3) and
Theorem (2.6) respectively, whereas

2n+2a+ 1)2a+ 1),

(2.7) h(n) = (2a+ Dn! ’
Mo+ D
(2.8) %—Egnﬁw
n (a+ é)n(a + l)n 2

holds for all n e N.
3. ASSOCIATED ULTRASPHERICAL POLYNOMIALS

Fix a > —% , v > 0. The associated ultraspherical polynomials ﬁ,ﬁ")(x; a)
satisfy the recurrence relation

(3 1) (n+l/+ I)PIH-I( ) 2x(n+y+a+%)ﬁ'$ll)(x;a)
' —Qa+n+v)PY (x;a), n=1,2,...,
and
(v S(v . 20+2V+l
(32) B0 =1, P = 222 20E]

Associated ultraspherical polynomials are studied in [36], [5, §3] and for a =0
in [4 and 19]. The corresponding monic polynomials are given by

(3.3) ) (x; ) = ﬁgﬁm; ®),
satisfying
(3.4) x¢y)(x; @) = ¢1) (x5 a) + 7ol (x5 a),
where
(n+v+20)(n+v)
W= Gnrw+zatDentw a1y " LB
and
¢ (x;0)=1,  ¢V(x;0)=x.
Setting A, =n+v+2a, uyy=n+v for n=0,1, 2, ..., we see that
dymtn __Mt2otv n=0,1,2,...,

An+lnyt  2n+2a+204+1°

is a parameter sequence for (y,)32 L provided dy > 0, ie., 2a+v > 0.
Proposition (1.6) yields that (y,)$2, is also a chain sequence, when 20+v <0.
By (1.13) we have

(3.5)

P(V) _1+Z(2a+y)k_ 2a+V)n+l_(V)n+l n=1,2,...,

2a(v + 1)y




760 R. LASSER

where the second equality is formula (7.1.1) of [14, p. 151]. According to (1.9)
we set

o — PV (15 a)(n + 2a +v)
(3.6) PV (1;0)2n+ 20+ 20 + 1)
_ (v +n)QRa+ V)1 = (n+2a+ 1) (V)1
T (2n42a+2v + D[2a+ v)nr1 — V)41l
forn=1,2,....

For the positivity of the linearization coefficients we observe that y, < yp41
isvalid for n=1,2, ..., if and only if a > % . Hence, Corollary (1.4) yields
a polynomial hypergroup structure on No if @ > 3. If -} < a < } and
2a + v > 0, it is easily established that condition (b) of Corollary (1.5) is
satisfied. To check the case 2a + v < 0 we use Theorem (1.3), the recurrence

relation being defined by the ¢, and 1 —c,. A tedious calculation shows that
¢n < Cuy1 18 equivalent to

W2 (@ +n+ 1)1 =2a) = 20)n41(2a + V)ppi(n+ @+ v + 1)(1 = 2a)(1 + 2a)
+Qa+v)2,,Qa+v+n+1)(1+2a)>0

which obviously holds if 2a+ v < 0. Since y, — %, we have ¢, — % Thus

cn < % < 1 —¢, is valid, too. Now by Theorem (1.3) the ¢, determine a
polynomial hypergroup even for 2a +v <0.

Theorem (3.1). Fix a > —1, v > 0. Define c, by (3.6). Then, by means of

xPP(x; @) = (1= ca) P& (x5 @) + caP”) (x5 @),

PP(x;a)=1, PY(x;0)=x
a polynomial hypergroup on Ny is determined. Its dual space may be identi-

fied with D = D = [—1, 1], bearing the orthogonalization measure dn(x) =
f(x)dx with

(sin )%
LFi(A—a,v;v+a+i;en))?’
up to a multiplicative constant. The Haar weights are given by

_ 2n+2a+2v + 1)

(38) A" = i Ga T 2w+ D + a2+ v+ 1,
Further, (P (x, @)L, satisfies properties (H) and (T).

Proof. We have only to note that (3.8) follows from (1.17), whereas the orthog-
onalization measure is determined in [26], see [S], too. O

3.7 f(cost) =

0<t<m,

(2a+V)p41 — (V)n+l)2-

The leading coefficients of the associated ultraspherical polynomials are de-
termined by (1.20), resp. (1.21) as

a2”+l(a +v+ %)n

3.9 =" ,
(3.9) =Y BT Dot = e
resp.
V4+a+dv+a+l) 2
_ 9n 2/n 2/n
(3.10) pn=2 ( W+ Dn(v +2a+ Dy )
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4. POLLACZEK POLYNOMIALS
Fix a > —% , 4 > 0. Define the orthogonal polynomials P, (x; a, u) by
1) (n+ DPui(x3 0, ) = 2x(n +a+ pt H)Pa(x; @, p)
—(n+2a)Py—i(x; a, u), n=1,2,...,
and
(4.2) Pox;a,m)=1,  P(x;a,p) =Qa+2u+)x.

These orthogonal polynomials—we shall call them Pollaczek polynomials—were
first studied by Pollaczek [26] and Szego6 [28], see also [6, p. 184]. The corre-
sponding monic polynomials are given by

(4.3) bulx: s p) = ——

—  Px;a,
2”(a+/,t+%),, n( « ”)

and satisfy

(4.4) XPn(X5 o, f) = Gpp1(X; a, f) + Ynbu1(x; a, p),
where
n(n + 2a)

S @ni2atra+D@nidatmon "L

Yn

and
po(x;0,p)=1,  ¢i(x;a,p)=x

Using the recurrence relation of the Laguerre polynomials Lﬁ,“)(x) , see [28,
(5.1.10)], we obtain

. ) _ é 2wt
(4.5) Py(1; o, p) = Ly (=2u) = a4+ 1), kz=0 (2a + ) (n—k)k!’

where the second equglity is (5.1.6) of [28].
We recognize that P,(1; o, u) is positive for each n € N. Therefore, (7,)2,
is a chain sequence. In fact, set

n+2a n+1

D= GntratntD)’ T Gnt2atatl)’
and
4.6)
Cn=P2,_l(1;a,'u)d
Pn(l;a>,u)
_ n nf(””) 2wt Z(") et \™
T (2n+2a+2u+1) Z\ k) Qe+ )\ \k) Qo+ 1)

forn=1,2,....

By (1.10) we have 1 —¢, = ﬁ,,ﬂ(l Ja, ;z)e,,/?,,(l ;a, u). Hence, 0 < ¢, < 1
holds for n=1,2,... and (1 —c,—1)cn = dpep—1 =y, is valid.

If a> %,weobtain Yn > Yny1 for n=1,2, ... . Further, we have d, <e,,
dn < dnyy and dn+ e, < dpyy+epy for n=1,2,..., provided -5 <a <




762 R. LASSER

%. But ¢y < d; + e; is not satisfied for some u > 0 if —% <a<0. A
transformation of random walk polynomials enables us to cope with the case
—% < a <0 (see §7). In fact, in §7 we derive that a polynomial hypergroup is
determined, if ~1 <a<0and 0<p<a+3.

Theorem 4.1. Fix o >0, u >0, 0r, let -1 <a <0, 0< u<a+}. Define
¢n by (4.6). Then, by means of

XPu(xsa, p)=(1—=cn)Puri(x; 0, ) +cnPuoi(x; a, p,
Px;a,u)=1, P(x;a,p)=x
a polynomial hypergroup on Ny is determined. Its dual space may be identified
with D = D; = [—1, 1] bearing the orthogonalization measure dn(x) = f(x)dx
with
(4.7)
f(cost) = (sint)?*|T(a + 1 + ipcot(r))|? exp((2t — m)pcot(t)), 0<t<m,

up to a multiplicative constant. The Haar weights are given by

2
C(n+2a+2u+ DQ2a+ 1), [ (n) Quk
(4.8) h(n) = Qa+2u+ 1)n! (kZ:o <k) (2a + l)k) ’

Also, (Py(x; a, p))2, satisfies properties (H) and (T).

Proof. The orthogonalization measure is determined in [26] (see also [6]). All
other statements follow from the result in §§1 and 2. O

The leading coefficients of the Pollaczek polynomials are
-1
_ (et pthn (& (n) (20)*
(4.9) o= T 2a+ D, g k) 2a+ 1)
resp.

(4.10)

1/2
_on (et st Dalatut )
Pr n(2a + 1)y '

We do point out that the orthogonalization function f(x) of the Pollaczek
polynomials in (4.7) does not satisfy Szegd’s condition on [-1,1]. A
weight function f(x) on [-1, 1] is said to satisfy Szegd’s condition if
In f(x)(1 — x2)~1/2 is integrable in [-1, 1].

5. ASSOCIATED POLLACZEK POLYNOMIALS
Fix a > -—% , >0, v>0. Define the assciated Pollaczek polynomials
P(x; a, p) by

<)
(n+v+ l)P,ﬁ+l

—(n+u+2a)13,f'i)1(x;a,u), n=1,2,....

5.0 (x5, p)=2x(n+v+a+u+ PP, p)

(52 PA(xsa,m=1, ﬁfy)(X;a,ﬂ)=2a+2V+2#+lx.

v+1
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These polynomials are the associated ones of those considered in §4. They were
first studied by Pollaczek [26], see also [6, p. 185]. The corresponding monic
polynomials are given by

v+ 1),

PV (x; a,
Ma+v+u+i), " ( #)

(5.3) o (x5, p) =
and satisfy

(5.4) o (x5 a, 1) = oY) (x5 a, p) + 1 (x; @, p),
where

(n+v+2a)(n+v)
2n+2v+2a+2u+1)2n+2v +2a+2u—-1)°

y,,=( n=1,2,...,

and
oV (x;a, ) =1, W(x; a, p) = x.

The value of P\"”)(1; c, u) is given by L$(-2u; v), where L'¥(x; v) de-
notes the associated Laguerre polynomials studied in [3 and 15]. In fact, the
associated Laguerre polynomials Lﬁ,"‘)(x; v) are generated by

(n+v+ 1LY (x;v)=(=x+2n+20 +a+ DLP(x; v)

n+1
—(n+v +a)Lf,a_)l(x; v),
LOxsv)=1, L9 v)=(-x+20+a+1)/(w+1).
Hence, we see that
(5.5) P(1, 5, p) = LT (=2u; v).

Furthermore, the leading coefficient of Lf,")(x; v)is (-=1)"/(v+1), asis easily
derived from their recurrence relation. (This follows also from (3.4) in [36] or

(2.8) in [3], where an explicit representation of Lf,“)(x; v) is established.)
Since the zeros of the associated Laguerre polynomials lie in ]0, oo[ positiv-

ity of L?(-2u; v) is shown. Setting

d = n+v+2a o = n+v+1
T 2n 420+ 2a42u+1" "T2n+2v+2a+2u+1
and
LY (=2u;
(5.6) cn = ;’;;( s )d,, forn=1,2, ...
Lna(—z,u;y

2a)

Lo (—2u; v)en /LYY (~2u; v) we see that 0 < ¢, < 1 and

(1 =cp_1)cn =y is valid.
For —% <a< % we have d, < e,, dy < dpy1 and d, + e, < dpyi + €1

for n=1,2,.... Further, ¢ < d, +e, if 0<a<3}. For a>j the y, are
nondecreasing. Thus, Theorem (1.3) resp. Corollary (1.4) yields
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Theorem (5.1). Fix a >0, u>0, v>0. Define c, by (5.6). Then, by means
of
XPY (x5 a, ) = (1= )P (X5 o, ) + caP) (x5 0, o),
Pé”(x;a,,u):l, Pl(")(x;a,,u)zx,

a polynomial hypergroup on Ny is determined. Its dual space may be identi-
fied with D = Dy = [—1, 1], bearing the orthogonalization measure dn(x) =
f(x)dx with
f(cost) = (sin2)?*|T (e + 1 + v + ipcot(t))|* exp((2 — m)u cot(t))
(5.7) ‘Fi( —a+icot(t), via+ i+ v +ipcot(r); e,
0<t<m,
up to a multiplicative constant. The Haar weights are given by
2n+2v+2a+2u+1)(v+1),

— (2a) .
(38) A = G Za D T 2a 1), L (T2 V)’

Further, (P (x; a, W)X, satisfies properties (H) and (T).
Proof. The orthogonalization measure is determined in [26]. All other state-
ments follow as before. O

Finally, the leading coefficients of the associated Pollaczek polynomials are
_ 2Ma+v+pt
v+ DL (=205 v)

(5.9) On

respectively

(5.10)

1/2
gy = 2" (0+v+pu+3)nla+v+p+i)n
" v+ Dp(v+2a+1), :

We point out that in [18, 3(e)] we were only able to reveal the polynomial
hypergroup structure for rather restricted values of a, v and x. The condition
ey < di + ¢, is satisfied even for —% < a<0,if v and u obey a certain
inequality. We conjecture that Theorem (5.1) holds also in the situation where
~-l<a<0,v>0and 0<pu<a+j.

6. ORTHOGONAL POLYNOMIALS WITH CONSTANT MONIC RECURSION FORMULA

Fix 0 <y < %, 0 < a < 1/2y. Consider monic orthogonal polynomials
determined by

XOn(X57, ) =pp1(X5 7, @)+ Pnu-1(x; 7, @),

(6.1) neta
do(x;7,a)=1, éi(x;y,a)=x,

where

(6.3) m=y forn=2,3,... and y =ay.

There are some interesting special cases among these polynomials ¢,(x; %, 2)
are the monic Tchebicheff polynomials of the first kind, and ¢,(x; %, 1) are
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the monic Tchebicheff polynomials of the second kind. Moreover, ¢,(x; %, a)
define the Geronimus polynomials studied in [13]. Their hypergroup structure
we have studied in [18, 3(g)(i)] (in the notation of [18] we have o = 4/a). Also,
polynomials connected with homogeneous trees are among them, compare [18,
3(d)] (in the notation of [18] set y = (a — 1)/a?, a = a/(a —1)). In the
following we consider 0 < y < % . For shortness denote w = /1 —4y. Set

do=1-a(l+w)2, e=1-do=a(l-w)2
and
dp=31-w), e,=1-dy=31+w) forn=1,2,...

and
1

n
e a

ﬁ,,(x;y,a)= on(x; 7, a), n=1,2,....

The polynomials ﬁ,,(x; y, ) satisfy the recurrence relation (1.1), (1.2) with
the above d,, e,. Using (1.11) a direct calculation gives for n=1, 2, ...

(6.4) )
dn(137,0) = 5:(1+0)"Pa(157, )
=[2-22)((1+ ©)" - (1 - ®)") + (1 + @)™ = (1 - )"/ (2" w).

By Wall’s comparison theorem the sequence (7,)52, defined in (6.3) is a chain
sequence. The minimal parameter sequence for (y,)32, is given by

(6.5) c = ay
and

292 -20)((1+ )" ' —(1-w)" H+a((l+w)" - (1-w)"
6.6) " (2-2a)((1+®)"— (1 -w)") +a((l+w)+! - (1 —w)"t!)
forn=2,3,....

(For y = § we derive

_a _a+(2-a)n-1)
T 47" 2+ 2-a)n)

compare [18, 3(g)(i)].) Obviously, d, <e,, d, <d,, and e,+d, =1 for n =
1,2, .... Hence, for using Theorem (1.3) we only have to check whether ¢ < 1
is valid. But ey < 1 is equivalent to the condition a <2 and y > (a—1)/a?.
Therefore, the ¢, of (6.5), (6.6) determine a polynomial hypergroup, provided
0<y<4,0<a<2and y>(a—1)a"2. The region described by these
(a, y) is bounded by y = % at the top and by 7 = (a — 1)a~? at the right
side. The curve at the right side corresponds to the polynomials connected with
homogeneous trees, the curve at the top to the Geronimus polynomials.

C1

Theorem (6.1). Fix y,a suchthat 0<y <%, 0<a<2, y2> (a-1)a2.
Define ¢, by (6.5), (6.6). Then by means of

XPy(x;7,0)=(1=cp)Pry1(x;7,a)+cnPry(x;7,0a),
Py(x;7,0)=1, Pi(x;y,a)=1x,
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a polynomial hypergroup on Ny is determined. We have suppn = [-2,/7, 2,/7],
Dy;=[-1,1) and D={z € C: |z-2./7|+|z+2/7| <2}. The orthogonaliza-
tion measure is given by dn(x) = f(x)dx, where

Vay —x?

a?y — (a - 1)x?

(6.7) flx) =

The Haar weights are

Jor =2y <x <2y.

1

(6.8) wy=L
and
69) hin = (G220 +0)" — (1 —0)) +a((l +0)™! - (1 - @)

ayn4r+l(1 — 4y)

for n=2,3,..., where w =+/1-4y.
Property (H) does not hold, whereas (T) is valid.

Proof. A simple change of variables yields the orthogonalization measure. In
fact, set

On(x;7,0)= (2—\;?);%(2%; 7, Q).

Then the Q,(x; y, a) satisfy the recurrence relation of the ¢,(x; %, a). Hence,
On(x;7,0a) = dn(x; %, a). The orthogonalization measure of the Geron-
imus polynomials ¢,(x; %, a) is known, see [6, p. 205] or [18, 3(g)(i)], and
we obtain that the support of the weight function f(x) corresponding to the

Sn(x; 7, @) is [-2/7, 2,/7] and

Fo0) = =YX e (=207, 2V7).

T a2y —(a-1)x2

The other assertions concerning D;, D and the properties (H) and (T) follow
from §2. O

The leading coefficients of these polynomials are

2n+lw

(6.10) 0, = (2-2a)((1 + w)" = (1 — w)") + a((1 + )"t — (1 — w)"+1)
resp.
(6.11) p”=\/—017_y7 forn=1,2,... (ify#1).

Finally, we mention that

1 e 22—«
¢n(l,z,a)=§;{<l+ p n).

Hence, for y = 1 the Haar weights are

2—a

2
(6.12) h(l)=§ and h(n)=a(1+ n) forn=2,3,...,

whereas their leading coefficients are g, = 1/¢,(1; %, a) resp. p, =2"/a.
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A further reference for orthogonal polynomials with a constant recursion
formula is [8], where these polynomials are applied to harmonic analysis on
certain discrete groups.

7. RANDOM WALK POLYNOMIALS

In order to define the recurrence relation of random walk polynomials we use
the normalization P,(1)=1. Fix a > 1, b > 0. Determine the random walk
polynomials P,(x; a, b) as

an+b .
o) xPy(x;a,b)= mpnﬂ(%a, b)
+mﬂ,_l(x;a;b), n=1,2,...,
(7.2) Py(x;a,b)=1, P(x;a,b)=

Have in mind that for a = 1 the polynomials P,(x; 1, b) are the ultraspherical
polynomials P,(x; (b —1)/2). For b = 0 the polynomials P,(x; a, 0) coin-
cide with the polynomials connected with homogeneous trees, compare [18,
3(d)]. Random walk polynomials are studied in [2, §6]. They are associated
to random walks which in turn describe the states of a linear growth birth and
death process.

Setting d, = ¢, = nf(a+ 1)n+b and e, = 1 — ¢, it is easy to verify
that the assumptions of Theorem 1.3 hold, if a > 1, b > 0. Therefore, the
(cn)32, determine a polynomial hypergroup structure on Np. In order to find
the dual space and the orthogonalization measure we carry out the following
transformation, compare [2]. Let a > 1, b > 0. Setting

(1.3) 0.(x: a, b) = YO B/ p ( ‘/_x;a,b),

n! 1

formulae (7.1) and (7.2) become

(n+ 1)Quei(x; a, b) = (n+—) Onix: a, b)

(7.4) b

- (n+z— 1) On-1(x;a,b) forn=1,2,...
and
(7.5) Qo(x;a,b)=1 Qi(x;a,b)= 2bx

. 0 s Uy =1, 1 s Uy - a+1
This recurrence relation resembles that of the Pollaczek polynomials. In fact,
with 5 | |
1

“=§<z‘1) and = b(a+1 z)
we obtain
(7.6) Ou(x;a,b)=Py(x;a,p) forn=0,1,2,...,

where the ﬁ,,(x ; a, 1) are the Pollaczek polynomials defined by (4.1) and (4.2).
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Theorem (7.1). Fix a > 1, b > 0. Then, by means of (7.1) and (7.2) a
polynomial hypergroup on Ny is determined. We have

_ va , va _
suppn—[—2m, a1l D; =1, 1]
and
D={zeC: z—2ﬁ +lz+2 va <2%.
a+1 a+1

The orthogonalization measure is given by dn(x) = f(x)dx, where (up to a
multiplicative constant)

2
f(x) = s(x)®/a=D ‘I‘ (%g + ,'ML)

(2.7) 2a  s(x)
- eXp ((Zarccosx - n)l)(az—‘_ll)%x)) )
with

- —x2 2 — ﬁ va
s(x) 4a — x2(a+1)2 for 2a+15x§20+1.

The Haar weights are given by

_a"(Yn((a+ )n+b)

- bn! :
Further, (Py(x;a, b)), satisfies property (T), but not (H).

Proof. The orthogonalization measure can be established from the correspond-
ing one in §4. The other statements follow from §§1 and 2. O

(7.8) h(n)

The leading coefficients of the random walk polynomials are

o9 o= (*3) (59),/ (),

resp.
_fa+1\"( b a*((a+ Dn+b)\'?
(7.10) p,,-( P ) (a+1)n< bri(b/a), ) for n € N.
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